Abstract. By improving the previous construction in [18] we observe that any reduced HNN extension is a corner of a certain reduced amalgamated free product in both the von Neumann algebra and the C * -algebra settings. Then, the same fact is shown for universal HNN extensions of C * -algebras. We apply the observation to the questions of factoriality and type classification of HNN extensions of von Neumann algebras and also those of simplicity and K-theory of (reduced and/or universal) HNN extensions of C * -algebras.
Introduction
This paper is a continuation of the previous work [18] , where we introduced the notion of reduced HNN extensions in the framework of von Neumann algebras as well as C * -algebras, which includes the group von Neumann algebras or the reduced group C * -algebras associated with HNN extensions of (discrete) groups. In this paper, we slightly improve the previous construction of reduced HNN extensions given in [18] , and then see, as one immediate consequence, that any reduced HNN extension is stably isomorphic to a certain reduced amalgamated free product in both the von Neumann algebra and the C * -algebra settings. (See [19] [20] [13] [16] [4] for the notion of reduced amalgamated free products, and also [18, §2] , which fits to the treatment here on it.) Motivated by it the same fact is shown to be valid true even for universal HNN extensions of C * -algebras. The observation is new even for the group von Neumann algebras and the (both reduced and universal) group C * -algebras associated with HNN extensions of groups, and indeed it seems that there is no explicit counter part in group theory. However, a similar observation was already pointed out by D. Gaboriau [7] for equivalence relations. Based on the observation we obtain several results on HNN extensions of von Neumann algebras and/or C * -algebras: We first improve the previous factoriality and type-classification results in [18] , which lead to a satisfactory answer to the questions of factoriality and type classification of HNN extensions of von Neumann algebras, say N ⋆ D θ, when both D and θ(D) are (not necessarily inner conjugate) Cartan subalgebras in N . Here, we note that the inner conjugate case was already treated in [18, Remark 3.7 (1) ] based on its particularity, and one should remind that all Cartan subalgebras in a fixed von Neumann algebra are isomorphic, which allows one to take an HNN extension by a * -isomorphism between those. We also consider the questions of simplicity and K-theory of (reduced and/or universal) HNN extensions of C * -algebras. Some of the consequences here for C * -algebras should be read as improvements of previous arguments for the group C * -algebras associated with HNN extensions of groups, but some others are new.
The organization of this paper is as follows. The next §1 is a preliminary section, where we briefly recall some of the materials in [18] . In §2 our observation is given in the von Neumann algebra, the reduced C * -algebra and the universal C * -algebra settings, respectively. We also discuss there its close relationship to Gaboriau's work. In §3 we give the above-mentioned applications of our observation. Two appendices are presented. We first explain, motivated from Gaboriau's observation, that any (reduced or universal) amalgamated free product is a corner of a certain (resp. reduced or universal) HNN extension. Then, we give one more factoriality result for HNN extensions of von Neumann algebras.
Reduced HNN extensions
Throughout this paper we will follow the notational conventions in [18] , which are summarized here for the reader's convenience. , where a given word w = u(θ) ε 0 n 1 u(θ) ε 1 n 2 · · · n ℓ u(θ ℓ ) ε ℓ in N and u(θ) (with n 1 , . . . , n ℓ ∈ N , ε 0 , . . . , ε ℓ ∈ {1, −1}) is called a reduced one (or said to be of reduced form) if ε j−1 = ε j implies that
We write the triple in the following way:
1.2. Modular Theory. Let ψ be a faithful normal semifinite weight on D, and the modular automorphism σ
, t ∈ R, is computed as follows:
See [18, Theorem 4.1] . In particular, if N has a faithful normal trace τ satisfying that
inclusions of (continuous) cores with common canonical generators λ(t), t ∈ R, and then the canonical liftings
. See [18, §4] for details.
1.3. C * -Algebra Setup. For a unital inclusion B ⊇ C of C * -algebras, an injective * -homomorphism θ : C → B and conditional expectations E B C : B → C, E B θ(C) : B → θ(C), their reduced HNN extension is defined to be a unique triple A, E A B : A → B, u(θ) in the exactly same manner as in the von Neumann algebra case, that is, it is characterized by the same conditions (A), (M). Moreover, we will denote it in the same way. In the C * -algebra setup, another kind of HNN extension is available, that is, the universal HNN extension B⋆ univ C θ. It is the universal C * -algebra generated by B and a single unitary u(θ) with subject to only the algebraic relation u(θ)θ(c)u(θ) * = c for c ∈ C.
The Observation
be an HNN extension of von Neumann algebras, and
be the amalgamated free product of von Neumann algebra with the canonical embedding maps λ,
See [18, §2] for the construction and terminologies. Let us denote by E θ the conditional
The above bijective * -homomorphism Φ is precisely given by Φ :
In particular, the HNN extension M = N ⋆ D θ is isomorphic to the corner pMp of the amalgamated free product
Proof. Let us first recall (and improve) the construction of reduced HNN extensions given in [18] . Let (M, E) be as in the statement, and the HNN extension M, E M N , u(θ) is realized in the corner algebra pMp with p := λ θ 1 0 0 0 as follows. (Note that another algebra slightly larger than M was used in [18] , but it is clear that M is sufficiently large to construct the desired algebra.) Identify n ∈ N with λ θ n 0 0 0 and set u(θ) := λ 1 0 1 0 0 λ θ 0 0 1 0 , and then the desired algebra M is generated by N and u(θ) inside pMp, and the conditional expectation E M N is obtained as the restriction of E θ to N .
Consider the inner automorphism Ψ := Adλ θ 0 1 1 0 of M, and then we have
be the bijective normal * -isomorphism determined by the 2 × 2 matrix unit system
Then, we get
where the right-hand sides are considered in M 2 (pMp) = pMp ⊗ M 2 (C). Since
clearly generate the whole M and since Π • Ψ(M) = pMp ⊗ M 2 (C), we conclude that pMp ⊗ M 2 (C) = M ⊗ M 2 (C) and M = pMp. Therefore, the desired Φ is given by Π • Ψ, and (2) is easily verified.
be a reduced HNN extension of C * -algebras, and
be the reduced amalgamated free product of C * -algebras with the canonical embedding maps λ,
Denote by E θ the conditional expectation from A onto λ θ (B ⊗ M 2 (C)) that satisfies E • E θ = E. The proposition below is shown in the exactly same way as in the von Neumann algebra setting.
Proposition 2.2.
There is a bijective * -homomorphism Φ :
In particular, the HNN extension A = B⋆ C θ is isomorphic to the corner algebra pAp of the amalgamated free product
2.3. Universal C * -Algebra Setup. Let B ⊇ C be a unital inclusion of C * -algebras with an injective * -homomorphism θ : C → B as above, and A = B⋆ univ C θ be the universal HNN extension of C * -algebras. Let
be the universal amalgamated free product of C * -algebras over C ⊗ C 2 via the distinguished embedding maps
Let us denote by j, j θ and j 1 the canonical embedding maps of
Proof. Let us first define two * -homomorphisms
Then, we have
and thus the universality of
there is a unique * -homomorphism Φ := Φ θ ⋆Φ 1 : A → A ⊗ M 2 (C) extending both Φ θ and Φ. Since Φ agrees with (3), it remains only to show that Φ is bijective. To do so we will construct the inverse of Φ in what follows. By the universality of A = B⋆ univ C θ we can construct a * -homomorphism Ψ 0 : A → pAp with p := j θ 0 0 0 1 in such a way that
for all c ∈ C. Consider the following two 2×2 matrix unit systems inside 
respectively, with f 11 = p, and then Ψ 0 is extended to a * -homomorphism Ψ :
Here, one has
= f 11 Ψ 0 (e 11 e 12 e 21 ) f 12 = f 11 f 11 f 12 = f 12 = j θ 0 0 1 0 so that it is plain to confirm (firstly against the generators appeared in (3), and then it follows from the fact that Φ and Ψ are * -homomorphisms) that
Hence, we are done.
2.4. Equivalence Relation Case: Relationship to Gaboriau's work. In [7] (also a related and a bit earlier work due to F. Paulin [11] ) Gaboriau introduced the notion of HNN equivalence relations and derive a formula of costs for them from that for amalgamated free product equivalence relations based on a relationship between HNN and amalgamated free product equivalence relations. Let R ⊇ S ⊇ T be discrete standard Borel equivalence relations over a standard Borel space X, and Θ :
equivalence relation over X, and suppose T Θ ⊆ S. We write x Θ ε → y for x, y ∈ X and ε = ±1 when x ∈ E ε and y = Θ ε (x) or equivalently (
is called a reduced word if n ≥ 2 and no subsequence (x 2i−2 , x 2i−1 , x 2i ) satisfying
appears in (4); or if n = 1 and x 1 = x 2 . Then, the bigger R is said to be the HNN extension of S by Θ and denoted by S⋆ T Θ, if • R is generated by S and Θ or more precisely the smallest equivalence relation containing S ∪ Graph(Θ); • any reduced word (x 1 , . . . , x 2n ) with x 1 , . . . , x 2n ∈ X (in the above sense) must satisfy that x 1 = x 2n . In the measurable setting, i.e., X is equipped with a regular Borel measure µ, all the equivalence relations and Θ are assumed to be non-singular under µ, and R = S⋆ T Θ is defined in the same way but up to µ-null set, that is, there is a µ-conull subset of X, on which the condition holds. In what follows, we consider in the measurable setting and only the case that E ±1 = X; namely Θ is a transformation defined on the entire space X. In this case, simply
) be the von Neumann algebras associated with R ⊇ S ⊇ T , T Θ constructed by Feldman-Moore's construction [6] . Let E R S : 
Here is an expected fact.
Proof. Since R is generated by S and Graph(Θ), it is plain to see that the λ(S)'s with Graph(S) ⊆ S and u(θ) generate W * (R) as von Neumann algebra. Hence it suffices to confirm that the triple W * (R), E R S , u(θ) satisfies the condition (M) in § §1.1 because the condition (A) is trivial by the definition of θ and u(θ). Thanks to the above remarks (a),(b) what we need is to confirm that E R S (w) = 0 for any word
. . , ℓ, and moreover that if ε j−1 = ϕ j implies that
By the definition of convolution operators, it is easy to re-write the word w to be
means the successive composition of partial transformations. Let X 0 be a µ-conull subset of X, on which the condition of being R = S⋆ T Θ holds, and choose (x, y) ∈ X 0 × X 0 from the graph of (
Suppose here that (x, y) ∈ S. Then,
becomes a reduced word again, a contradiction. Therefore, the graph of (
must be contained in R \ S up to µ-null set, and hence E R S (w) = 0. We have seen that the notion of HNN equivalence relations is regarded as a particular case of HNN extensions of von Neumann algebras via Feldman-Moore's construction. Here, we would like to explain a close relationship between the observation of Gaboriau [7, lines 12-26 
, by which one observes that C ⊗ C 2 becomes a Cartan subalgebra in M when C is an MASA in M . Here M is the amalgamated free product appeared in the construction of the HNN extension M as in Proposition 2.1. This is nothing less than Gaboriau's observation in the von Neumann algebra context. Gaboriau's observation also consists of the converse assertion. Namely, he also stated, by giving an explicit description, that any amalgamated free product equivalence relation is stably isomorphic to a certain HNN equivalence relation, whose von Neumann algebra and C * -algebra versions will be given in Appendix A. 
.
In what follows, we will use the notational rule in § §2.1, that is, M, E M N , u(θ) is the HNN extension of N by θ with respect to E N D and E N θ(D) , and also M is the associated amalgamated free product, see § §2. 1 . In what follows, we use the usual notations for ultraproducts of von Neumann algebras. Namely, for a von Neumann algebra L and a free ultrafilter ω ∈ β(N) \ N, L ω denotes the ultraproduct of L determined by ω. If a von Neumann subalgebra K ⊆ L is the range of a faithful normal conditional expectation from L, then K ω can be naturally regarded as a von Neumann subalgebra of L ω . Moreover, for a bijective normal * -homomorphism α : L 1 → L 2 between von Neumann algebras gives a unique bijective normal
In particular,
Proof. Via the bijective * -homomorphism Φ in Proposition 2.1
and correspondingly
respectively. Hence, it suffices to show that
With letting ψ
thanks to (a) in Assumption 3.1, we can apply [17, Proposition 5] to the amalgamated free product
with V, W , and thus, for all X ∈ {V } ′ ∩ M ω we get
This inequality immediately implies (6).
Here is a simple (probably well-known) lemma needed for the derivation of a result on HNN extensions from Proposition 3.1. 
Moreover, the core M satisfies that
where we use the notations in § §1.2.
Proof. Applying Lemma 3.2 to (5) with e = 1 0 0 1 and 0 0 0 1 we get, respectively,
The desired assertions immediately follow from these equations since M is generated by N and u(θ) and also u(θ)θ ω (x)u(θ) * = x for all x ∈ D ω . (For more details we refer to [18, p.406-409] .)
In the next remark, we use the notations in § §1.2.
Remark 3.4. The dual action ϑ M t t∈R
on M is defined in such a way that ϑ M t M = Id M and ϑ M t (λ(s)) = e −its λ(s) for s, t ∈ R. Then, ϑ M t commutes with θ for every t ∈ R. In particular, (9) implies (7).
Proof. The commutativity between ϑ M t and θ is clear from their definitions. If (9) was true, then we would have
where we use [14, Theorem XII. 
The Cartan Subalgebra Case.
Here, we consider and discuss a particular case; both D and θ(D) are assumed to be Cartan subalgebras in N . Since any MASA in a von Neumann algebra contains its center, we note that both θ and θ induce * -automorphisms on Z(N ) and Z N , respectively.
Theorem 3.5. If N has no type I direct summand, then
Z(M ) = Z(N ) θ ,(10)Z M = Z N θ .(11)
Moreover, if N is either of type II or a non-type I factor, then
Proof. Since the core N is of type II under the hypothesis of the first assertion, i.e., a direct sum of von Neumann algebras of type II 1 and type II ∞ , the argument of [16, 
Proof. The former part of assertion holds true thanks to [16, Lemma 4.2]; more precisely, one can construct two faithful normal states ϕ and ϕ θ on D in such a way that
Let us define the faithful normal conditional expectation
Then, the unitary V := v θ 0 0 v 1 is in the centralizer (M ⊗ M 2 (C)) ψ•E , and the proof of Proposition 3.1 shows that all X ∈ {V } ′ ∩ (M ⊗ M 2 (C)) with W 1 , W 2 ∈ KerE must satisfy that
Let t 0 be a real number such that σ ψ•E t 0 = AdU for some unitary U ∈ M ⊗ M 2 (C), and (14) shows that
for m ij ∈ M , i, j = 1, 2, and t ∈ R with letting u t :
. Thus, we see that σ
= Id, which is equivalent to that t ∈ T (N ) and
. Hence, the desired assertion immediately follows by (1) .
When N is a type II 1 factor, the T-set T (M ) can be described more explicitly as follows. Let τ be the unique tracial state on
, and hence Theorem 3.7 (13) is re-written as
Assume that we have a type II 1 factor N with two Cartan subalgebras C 1 , C 2 and that τ N is the unique tracial state on N . Then, 
Application 2:
A Sufficient Condition for Simplicity. Here, we will give a partial answer to the question of simplicity of reduced HNN extensions of C * -algebras. Our method is to derive from a result on simplicity of reduced amalgamated free products of C * -algebras, due to K. McClanahan [10] with the aid of Proposition 2.2. Let us first briefly review the above-mentioned result of McClanahan (which essentially comes from a result due to D. Avitzour [3] ). Let P 1 , P 2 , Q be unital C * -algebras and η 1 : Q ֒→ P 1 , η 2 : Q ֒→ P 2 be embeddings. Assume that there are two conditional expectations F 2 ; η 2 ) be the reduced amalgamated free product of C * -algebras, where the canonical embeddings are denoted by ρ : Q ֒→ P , ρ 1 : P 1 ֒→ P , ρ 2 : P 2 ֒→ P that satisfies ρ = ρ 1 • η 1 = ρ 2 • η 2 and F : P → ρ(Q) is a conditional expectation. Let us introduce the conditions:
-wKerF 2 w * ⊆ KerF 2 ; 2 • For every x ∈ Q and every j ∈ Z \ {0}, there is an increasing sequence {m k } k=1,2,... of natural numbers such that
for all k ≥ k 0 with some k 0 ∈ N, and then the subsets of P i , i = 1, 2: 
The next lemma is shown by a simple calculation.
Lemma 3.9. Assume that the unitaries u, v, w in the condition 1 • satisfy that u, v ∈ η 1 (Q) ′ ∩ P 1 and that w 2 = 1, i.e., w is a self-adjoint unitary, and moreover wη 2 (Q)w = η 2 (Q). Then, the condition 2 • automatically holds true with
Lemma 3.9 apparently gives the following variant of Proposition 3.8: Proposition 3.10. Assume that there are unitaries u, v ∈ η 1 (Q) ′ ∩P 1 and w = w * ∈ P 2 so that
We are now in position to apply McClanahan's result to the case of reduced HNN extensions. In what follows, we keep the setting and notations in § §2.2, that is,
and LR E B C , LR E B θ(C) be defined as before, and they act on B by the left, the right and the left-right multiplications, respectively. We apply Proposition 3.10 to the associated reduced amalgamated free product (A, E) with letting Q := C ⊗ C 2 ,
= E 1 , and F := E, ρ := λ, ρ 1 := λ θ , ρ 2 := λ 1 , and then get the following proposition:
(by left-right multiplications), then A must be simple.
Proof. Since A ∼ = A ⊗ M 2 (C) thanks to Proposition 2.2, it suffices to show that A is simple. To do so we use Proposition 3.10, and thus need to specify the unitaries u, v, w there in our setting. By symmetry we may and do assume that E B C (a) = E B θ(C) (b) = 0 and aKerE B C a * ⊆ KerE B C . Then, it is clear that the unitaries
satisfy the first four conditions in Proposition 3.10. Note that (w, w) ∈ LR(F 2 ) and that any C * -ideal in Q = C ⊗ C 2 invariant under Adw must be of the form C 0 ⊗ C 2 with C * -ideal C 0 ⊳ C since Adw switchs the first and the second diagonal components
respectively. Therefore, one easily observes that any C * -ideal in C ⊗ C 2 (considered inside P via λ =: ρ) that satisfies the hypothesis of Proposition 3.10 must be of the form
. By the assumption here, there is no such non-trivial C * -ideal C 0 ⊳ C, and hence A is simple by Proposition 3.10.
Example 3.12. Let C be a simple C * -algebra with a state ϕ. Set B := C ⊗ min C, and identify the first component C ⊗ C1 in B with C itself. Then, we consider the injective * -homomorphism θ :
The left and right slice maps of ϕ give conditional expectations E B C : B → C, E B θ(C) : B → θ(C), respectively. In this setting, if there is a unitary u ∈ C such that ϕ(u) = 0 and ϕ • Adu = ϕ, then the hypothesis of Proposition 3.11 holds for the reduced HNN extension A, E A B , u(θ) = B, E B C ⋆ C θ, E B θ(C) , and hence A is simple.
Following [5] we say a (discrete) group to be C * -simple if its reduced group C * -algebra is simple. The next corollary immediately follows from Proposition 3.11:
Corollary 3.13. Let G be a discrete group and H be its subgroup with an injective homomorphism θ : H → G. If there are two elements g 1 ∈ G \ H and g 2 ∈ G \ θ(H) so that g 1 and g 2 commute with H and θ(H), respectively, and moreover H is C * -simple, then the HNN extension G⋆ H θ is C * -simple.
Unfortunately, our method here is not applicable to examine the C * -simplicity of so-called Baumslag-Soliter groups B(m, n) = a, t : ta m t −1 = a n , a typical and famous class of HNN extensions of groups.
3.3. Application 3: K-Theory of HNN extensions. Our observation given in §2 asserts that the computation of K-theory (also KK-and/or E-theory) of (universal and/or reduced) HNN extensions of C * -algebras is reduced to that of the amalgamated free products. Here, we illustrate how to derive by obtaining the six terms exact sequence for K-groups associated with universal HNN extensions, which is exactly of the same kind of the one obtained in [1] .
In what follows, we use (and keep) the setting and notations in § §2.3. Let us denote
and also the embedding map from a C * -algebra X = C or B to another Y = B or A = B⋆ univ C θ by ι X֒→Y . Under a certain mild condition on A 1
֒→ A 2 it is known that the six terms exact sequence
holds true. In fact, the most general result of this type was provided by K. Thomsen [15] , where he assumed that B is nuclear or the existence of conditional expectations from A 1 , A 2 onto ι θ (B), ι 1 (B), respectively. Note that his conditions are apparently translated in our setup to the nuclearity of C or the existence of conditional expectations from B onto C, θ(C). Notice here that we have the following isomorphisms:
By these facts we can re-write the upper horizontal line in (15) as follows.
where the left arrow is given by φ 0 :
. Similarly we have
and thus the lower horizontal arrow in (15) is also re-written to be
where
. Hence, the six terms exact sequence (15) becomes
Let φ ′ 0 be the projection map from K 0 (C) ⊕ K 0 (C) to the second component and set
and φ ′ 0 (Kerφ 0 ) = Ker (θ * − (ι C֒→B ) * ) . Similarly, denote by φ ′ 1 the projection from K 1 (C) ⊕ K 1 (C) onto the second component and set ψ ′ 1 := (id B ) * − (ι C֒→B ) * . Then, we have
and φ
. From these facts together with (16) we finally get the following: Proposition 3.14. If C is nuclear or there are conditional expectations from B onto C, θ(C), then the universal HNN extension A = B⋆ C θ satisfies the following six terms exact sequence:
We emphasize that our method of getting (17) still works even for reduced HNN extensions when the initial six terms exact sequence (15) holds true for the associated reduced amalgamated free products. In this direction, the main future problem is apparently to establish the K-amenability, that is, the natural surjective homomorphism between the K-groups of reduced and universal HNN extensions of C * -algebras is injective under suitable assumptions. The same question to be injective for amalgamated free products was discussed by E. Germain [9] but is not yet settled at the present moment (n.b. it was already settled only in the case where the amalgamated subalgebra consists only of the scalars C, see the same author [8] ).
Appendix A. The Converse to The Observation Given in §2 Let P 1 , P 2 , Q be σ-finite von Neumann algebras with two embeddings ι 1 : Q ֒→ P 1 , ι 2 : Q ֒→ P 2 . Suppose that there are two faithful normal conditional expectations
be the amalgamated free product of von Neumann algebras. Set N := P 1 ⊕ P 2 ⊇ D := ι 1 (Q) ⊕ ι 2 (Q), and define the bijective * -homomorphism θ :
be the HNN extension. Letting e 11 := 1⊕0, e 22 := 0⊕1 and e 12 := e 11 u(θ)e 22 = e 11 u(θ) = u(θ)e 22 with e 21 := e * 12 , we see that the e 11 , e 12 , e 21 , e 22 form a 2 × 2 matrix unit system in M so that e 11 M e 11 is generated by e 11 N e 11 = P 1 ⊕ 0, e 11 u(θ)e 11 = 0, e 12 N e 21 = u(θ)(0 ⊕ P 2 )u(θ) * , e 12 u(θ)e 21 = 0 (see e.g. [ clearly gives a faithful normal conditional expectation from e 11 M e 11 onto e 11 De 11 = ι 1 (D)⊕ 0. It is clear that the restriction of F to e 11 N e 11 = P 1 ⊕ 0 is given by E 1 ⊕ 0. Also, the characterization of HNN extensions enables us to compute
2 (E 2 (x)) for x ∈ P 2 . Define λ : x ∈ Q ֒→ ι 1 (x) ⊕ 0 ∈ e 11 De 11 ⊆ e 11 M e 11 , λ 1 : x ∈ P 1 ֒→ x ⊕ 0 ∈ e 11 N e 11 ⊆ e 11 M e 11 , λ 2 : x ∈ P 2 ֒→ u(θ)(0 ⊕ x)u(θ) * ∈ e 12 N e 21 ⊆ e 11 M e 11 . Then, we have
one easily derives, from the condition (M) in § §1.1, that λ 1 (P 1 ) = P 1 ⊕ 0 and λ 2 (P 2 ) = u(θ)(0 ⊕ P 2 )u(θ) * are free with respect to F . Therefore, we conclude
is identified with the amalgamated free product (P, E) = (P 1 , E 1 :
The same fact is still valid true in the reduced C * -algebra setting by the same argument. In the universal C * -algebra setting, one needs to use the universality instead of the characterizations of HNN extensions and amalgamated free products as similar to Proposition 2.3. Indeed, for given unital C * -algebras A, B, C with embeddings ι A : C ֒→ A, ι B : C ֒→ B let A := A⋆ univ C B be the universal amalgamated free product of A, B over C via ι A , ι B and let B := (A ⊕ B)⋆ univ (ι A (C)⊕ι B (C)) θ be the universal HNN extension by the injective * -homomorphism θ : ι A (x) ⊕ ι B (y) → ι A (y) ⊕ ι B (x) with the stable unitary u(θ). Let us choose a 2 × 2 matrix unit system e 11 , e 12 , e 21 , e 22 in B as above, that is, e 11 := 1 ⊕ 0, e 22 := 0 ⊕ 1 and e 12 := e 11 u(θ)e 22 = e 11 u(θ) = u(θ)e 22 . Then, B ∼ = e 11 Be 11 ⊗ {e ij : i, j = 1, 2} ′′ , and e 11 Be 11 is generated by A ⊕ 0 and u(θ)(0 ⊕ B)u(θ) * . Thanks to the universality of A there is a unique surjective * -homomorphism Ξ : A → e 11 Be 11 sending A, B to A ⊕ 0, u(θ)(0 ⊕ B)u(θ) * , respectively, and then Ξ induces a surjective * -homomorphism Φ : A ⊗ M 2 (C) → B. On the other hand, letting u := 1 ⊗ (e 12 + e 21 ) viewed as a unitary element in A ⊗ M 2 (C) one has u ((ι A (x) ⊗ e 11 ) + (ι B (y) ⊗ e 22 )) u * = (ι A (y) ⊗ e 11 ) + (ι B (x) ⊗ e 22 ) so that the universality of B ensures that there is a unique * -homomorphism Ψ : B → A ⊗ M 2 (C) sending A ⊕ B, u(θ) to (A ⊗ Ce 11 ) + (B ⊗ Ce 22 ), u, respectively. It is not so hard to confirm that Φ and Ψ are the inverses of each other, and hence A ⊗ M 2 (C) ∼ = B.
Finally we point out that, if the six terms exact sequence (17) of K-theory was available for (reduced or universal) HNN extensions of C * -algebras at first, then one would be able to derive, from it as before, that like (15) for the corresponding (resp. reduced or universal) amalgamated free products.
Appendix B. More on Factoriality
Here, we prove a certain relative commutant property for HNN extensions of von Neumann algebras. It is proved in the same line as before based on [16, Appendix I], which comes from works due to Avitzour [3] and McClanahan [10] .
Let us follow (and keep) the notational rule in § §2. and it is easy to see that these u, v and w are in the centralizers N ⊗ M 2 (C) ψ⊗tr 2 and N ⊗ M 2 (C) ϕ⊗tr 2 , respectively, where tr 2 denotes the normalized trace on M 2 (C). Also, by the condition 2 • we have 
If it is further assumed that ψ is a tracial state, then
We do not know whether the first inclusion relation is actually the equality or not, because it is not obvious whether M ψ•E M N is generated by N ψ and u(θ).
